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S” AS AN ALGEBRA BY MULTIPLICATIVE 

CONVOLUTION 


Dietmar Vogt 


In the present paper we continue the investigations in [B]. For that purpose we 
define the multiplicative convolution in the space of distributions of com¬ 

pact support on by (T * S)g = T^Syf^xy). Equipped with this multiplication 
^'(R"^) is a commutative algebra. Each T G (f’'(R'^) defines a convolution operator 
Nt ■. S T-k S m. (f’'(R'^). For open ff, ft' C R'^ we show that NtS'{P!) C S'iVt) 
if and only if suppT ■ ft' C ft, in particular, defines an operator in L{S’'{yL)) 
if and only if supp T <Z V (ft) where V (ft) denotes the set of dilations acting on 
ft. In this case Nx = where Mx G L{S’{Q)) is the Hadamard operator on 
(^oo(Rd) (iggned by Mxfiy) = T^f{xy) that is Nx is the dual operator of Mx- 
This allows us an elegant access to the theory of Hadamard operators on (^'(ft) 
for open sets ft C R*^, that is, of operators which allow all monomials as eigen¬ 
vectors. These have been studies and characterized in [B]. The algebra M(ft) 
of such operators is a closed subalgebra of L(C°°(ft)). It is isomorphic to the 
algebra (^'(I/(ft)),*) and we determine the topology induced from Lf,(C°°(ft)) 
on S’'{y{VL)). We use this isomorphism to show that the algebra M{Q) is isomor¬ 
phic to an algebra of holomorphic functions around zero where the multiplication 
is the classical Hadamard multiplication, that is, multiplication of the Taylor 
coefficients. Hadamard-type operators assigned to distributions with support 
{(1,..., 1)} are called Euler operators and we study global solvability for such 
operators on open subsets of 

Hadamard operators on the space i 2 /(fl) of real analytic functions have been 
studied and characterized in Domahski-Langenbruch n.ia. 0. Analogous prob¬ 
lems as in the present paper for real analytic functions are studied in Domahski- 
Langenbruch-Vogt [Ij. While the problems are analogous, the results, the meth¬ 
ods and the difficulties to overcome are, in part, quite different. 
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The present paper was originally written as a draft for the author’s use to serve as 
the mathematical basis for lectures the author delivered in 2014 (Istanbul Anal¬ 
ysis Seminar, Nordwestdeutsches Funktionalanalysis-Kolloquium in Paderborn, 
DMV-PTM Mathematical Meeting in Poznan). It has maintained much of this 
character, for which the author apologizes. In particular, for proper references, 
citations and much of the notation, and also for the background of the problem 
we refer to [6]. 


1 Multiplicative convolution on (o' 


On we dehne the multiplicative convolution : 

Definition 1 ForT, S G and f G we set {T-kS)f = Tx{Syf{xy)). 


We freely use this notation, in different context, also for other combinations of 
T, S and /, whenever the right hand side makes sense. As multiplication on 
it has the following basic properties: 

Proposition 1.1 1. *) is a commutative algebra. 

2. is the unit element. 

3. The multiplication is hypocontinuous. 

4 . supp (T * S') C supp T ■ supp S. 


Proof: 1. To show commutativity we remark that for any a G Mq we have 

(T*S)a:“ = Tx“-Sx“ 

Therefore T-kS and S-kT coincide on the polynomials which are dense in 

2. is trivial. To show 3. we have, with suitable K and p for T, resp. L and q for 
S, and a constant C > 0 depending only on L, p, q the following estimates: 


l(T*S)/| 


< 

< 

< 


\T^{Syf{xy))\ 

\\T\\k,p sup ISyiy^f^^^xy))] 

xGK,\a\<p 

\\T\\K,p\\S\\l^y sup sup \dl{y‘"{f^'^\yx))\ 

x£K,\a\<p y£L,\y\<q 

sup |/M(z)|. 

zeKLjl-ylKpq 


This shows 3. and implies 4. □ 

Let n' and hi be open subsets of From Proposition II.II we obtain immediately 
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Corollary 1.2 IfTE and suppT ■ fl' C 12, then Nt : S ^ T -k S defines 

a map in L(^'(f 2 '), ^'( 12 )). 

Proof: We have only to remark that <^'(12') is bornological and that, by Proposi¬ 
tion [HU the map Nt sends eqnicontinuous (=bonnded) sets into eqnicontinuous 
(=bonnded) sets. □ 

We want now to describe the maps N G L{S"{Q'), S"{Q)) for which there is 
T G with N = Nt- We denote the set of these maps by iV(f2', 12). 

Lemma 1.3 For N G L((^'(12'), <^'(12)) the following are equivalent: 

1. N{Si) i.S2 = Sii< N{S2) for all Si, S2 e <^'(12') 

2 . There is T ^ such that N(S) = T -k S for all S G ^'(12'). 

Proof: To show 1. ^ 2. we choose 77 G 12' fl M.f. Then for all S G <^'(12') we 
have N{S) -k 5rj = S k: N{ 5 rj) and therefore N{S) = T k S with T = k 6 i/jj. 

The reverse direction is obvious. □ 

For two sets X,Y C R"^ we set V{X,Y) := {p e : r]X C Y}, V{X) = 
V{X,X) and Y^ = {r] : r]x e Y}. 

Lemma 1.4 If X is open and Y is closed, then V{X, Y) is closed and V{X, Y) = 
rixGVniR'^ ■ V) particular, Y is compact, then also V{X.Y). 

Proof: Because X fl R^ is dense in X we have 

r) = {, e , (Jf n Kf) c r} = n.«n.i ^ ' 

Since ^Y is closed for all x G R^ the set V{X, Y) is closed, same argument in the 

case of compact Y. □ 

Theorem 1.5 For T G (o’'(R'^) the following are equivalent: 

1. Nt G L(^'(12'),^'(f2)). 

Nt G L(C"(f2'),r(f2)). 

3. suppT C l/(f2',f2). 

Proof: Since 3. ^ 1. and 1. 2. are obvious we have only to show 2. ^ 3. 

If Nt G L(C"(12'), ^'(12)) we have for every 77 G 12' that supp (T kSjj) C 12. We £x 
an open oj' CC 12'. Because of the continuity of Nt there is a compact subset L C 
12 such that supp (T k6n) <Z L for all p E oj'. For 77 G Rf we have supp (T kSf^) = 
77 suppT. So we have shown that suppT C fljjevnR'^ ~ V{oj',L) C V{oj',Vt). 
The equality comes from Lemma [HU Since P(12',12) = l/(a;', 12) the 

proof is complete. □ 
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2 Transposed description 


Let Nt G then the transposed operator G L(C'°°(f2), is 

given by 


{N^f){x) = {6,,N^f) = {T^6,,f) = Tyfixy) =: (Mr/)(x), 
that is = Mt- We extend this to complete charcterization: 

Theorem 2.1 For M G L(C°°(f2), the following are equivalent: 

1. There is T E S'iV{Q!,Vt)) such that M = 

2. There is T E S'ifV{yt\Vt)) such that M = Mt- 

3. M admits all monomials as eigenvectors. 

Proof: The equivalence of 1. and 2. is obvious. Likewise 2. ^ 3. is clear. 

We show 3. ^ 1. We set N := M* E L{S'{Vt'),S"{Vt)) and have to show that 
N{Si) * S 2 = Si -k N{S 2 ) for all Si, S 2 E Due to the density in of 

the polynomials we have to show the equality only on the set of all monomials. 

For f[x) = we obtain 

{N{Si)kS2)f = N{SiUS2)y{xyr = Si{Mx^)S2{x^) = m„Fi(x“)52(x“) 

where Ma;“ = maX°‘. For {Si k N{S 2 ))f we obtain the same, which shows the 
result. □ 

The operators described in Theorem 12.11 are called operators of Hadamard type, 
or also multipliers and they have been subject of many investigations where the 
equivalence of 2. and 3. was one of the main results. 

Definition 2 For open Q, E we setM{Vt) := {M G L{C°°{St)) : M Hadamard type}. 
We state two basic facts: 

1. M{Vl) is a closed subalgebra of Li,{C°^{Vt)). 

2. T I—)■ Mt an algebra isomorphism (^'(D(f2)),*) —)■ M{Vl). 

The first follows from C span{x“} for all a, the second is a simple calcula¬ 
tion. 
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3 Topologies 


In this section we will study the Problem: Which topology does the algebraic 
isomorphism T i—)■ Nt from S'iyiVL)) to Ni,{VL\VL) induce on S'{y{VL))l Here *6 
denotes the topology of uniform convergence on bounded sets 

The solution will be given in several steps. First we need some notation; 

For CC H open we set 

U = Un> = V{IV, n) = {r]eW^ : 7 ]Vl’ CC H} 

and 

NCb{n',n) = {Nt : T e r{u)}nLb{c\IV),<^'{n)). 

It is easily seen that Uqi is an open neighborhood of H(r2). 

Proposition 3.1 S’'(U) = = NCb{^' are topologically isomorph. 

The first isomorphism is given by T Nt- 

Proof: From Proposition 11.11 and its proof it is clear that T i—)■ Nt sends 

every bounded set of S'{U) into a bounded set of Lb^S'iVt'), (o'iVt)). Since S'iU) 
is bornological the map is continuous. Clearly the identical map Nb{Q', H) 
NCbi^Tl', H) is continuous. 

Let B C Lb{C'{Vt')S'iyt)) be bounded, then B = : r; G H', (p G B} is a 

bounded set in S'{Vt). Therefore there is a compact set K <Z Q such that B is 
bounded in S'{K). 

We fix now rj ^ Q' r\M.f and obtain, by use of the proof of Lemma 11.31 

{T ■- NTeB} = {5i/^ ^ Nt{S^) : iVr G H} C {5i/^ i.S : S eB}. 

We set L = flTjeO'nR'* ~ V{fl',K) (see Lemma fLT|) . Then L is a compact 
subset of U and {T : Nt G H} is a bounded subset of S'{L), since it is a bounded 
subset of and the support of all of its elements is contained in L. So it is 

a bounded subset of S'{U). 

We have shown that the map M : S'fU) —>■ NCbip!, H) is continuous and surjec¬ 
tive. Moreover N‘~^{B) is bounded for every bounded B C Lb{C'{VL'), S'{Vt)) By 
Baernstein’s Lemma (see 0) T i-G- Nt is a topological imbedding of S'{U) into 
Lb{S'{Tl'), S'{Q,)), which proves the result. □ 

Let now oji CC UJ 2 CC ... be an exhaustion of H. We put Un := Then 

Ui D U 2 T> ■ ■ ■ is a decreasing sequence of open neighborhoods of 1/(12) with 

nc» = r(si). 


5 






Definition 3 ^/(i/(f2)) := lim proj„^'(t/„). 


Clearly the t-topology does not depend on the choice of the exhaustion. S'iUn) 
(DF)-space hence Sl{V{Vt)) is (PDF)-space. 

We set Nkin) := and iVC'fe(fi) = NCi,{yt,n). 

Theorem 3.2 SliViVt)) = Nb{Q) = NCb{^) topologically, the first isomorphism 
is established by T Mt- 

Proof: This follows immediately from Proposition 13.11 by forming projective 
limits. □ 


4 Examples 

n = {{x,y) e : 1 <y <2} ^ = {(x, 1) : x G M} 

with \ 1 : a;„ = {{x,y) G : |x| < n,r„ < ?/ < 2/r„} ^ = {{x,y) : 

l/r„ <y <rn} 

fi = {(x, y) G R^ : 0 < X, 1 < ?/ < 2} 1/(f2) = {(x, 1) : x > 0} with \ 1 

Un = {{x,y) G R^ : l/n < \x\ < n,rn < y < 2/r„} ^ JJn = {{x,y) : 0 < 
X, l/rn <y <rn] 

In both cases Id(fi) is closed in some f/„. If this is the case, 


• then it is closed in all Um for m>n 

• S’I{V (fi)) = S'iyiyt)) equipped with the canonical (DF)-topology inherited 
from S'{Un)- 

• is locally compact, a-compact and SliVifil)) = m.dKcy(n)^'{.K). 


We have shown: 

Theorem 4.1 IfV{Q) is closed in some Un, then P(f2) is locally compact, a- 
compact and M{VL) = <^'(1/(12)) with its standard (DF)-topology. 

Example 4.2 IfV{VL) \ 1/(12) is finite then the theorem applies. 

Lemma 4.3 y G 1/(12) \ 1/(12) then there is j with yj = 0. 
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Proof: If G P(f2) and minj \yj\ > 2^ > 0 then d{yx,dfl) > ed{x,dfl) for all 
X E fl, since that holds for an approximating sequence in Hence yx G hi. 

Therefore ioi y E V (H) \ V (H) there is j such that yj = 0. □ 

Theorem 4.4 If d = 1 then is locally compact, a-compact and M{Q) = 

S'iyiyt)) with its standard (DF)-topology. 


Proof: By Lemma 14^ we have P(f2) \ P(f2) C {0}. By Theorem 14.11 the result 
follows. □ 


5 Relation to classical convolution 

We set Q+ = {x G : Xj > 0 for j = 1,... ,d} and restrict our attention to 
open sets H C Q+. The map Log(a;) = (logxi,... ,loga;d) dehnes a diffeomor- 
phism from Q+ onto whose inverse is Exp(a;) = (expxi,... ,expa;rf). 

The map CLog : F (poLog is an isomorphism from onto C°°(Q+) whose 

inverse is Cexp, dehned analogously. Then the transposed maps -E- 

and C^xp : <o’'(R'^) —t ^'(Q+) are isomorphisms. 

The crucial observation relating the two kinds of convolution is: 

Lemma 5.1 T -k s = C^.^i{CL,T) * iCL,S)) for all T, S E r(Q+). 

A subset X C Q+ will be called multiplicatively convex (mconvex) if with x, y E 
X also x^y^~^ G X for all 0 < f < 1. For a subset X C Q+ we dehne the 
multiplivatively convex hull mconvX as the smallest mconvex set, which contains 
X. We have mconvX = Exp(conv(LogX)) where conv denotes the convex hull. 
Explicitly we have 

mconvX = | x^^ : Xj E X,0 < Xj, = l| 

j j 

where the sums and products are hnite and the powers are taken coordinatewise. 
We obtain the multiplicative analogue of the Theorem of Lions. 

Theorem 5.2 mconv(supp (T * S)) = mconv(suppT) ■ mconv(supp 5) for all 
T,SE^'iQ^). 

For the following we might exploit Theorem 15.21 but we prefer to use the direct 
transfer of properties of classical convolution operators. 
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First we consider the case of suppT = {!}. The operators Mt, resp. Nt, are 
then called Euler operators . In this case T has the form T = X]|a|<pSince 
M^(c,) = (—the Euler operator Mt has the form Mt = . 

With 6 j = Xjdj and different coefficients it can also be written as Mt = X]|a|<p ‘^a 6'"- 

Let now C Q+ be open. If we set, keeping the notation, P{z) = X]|a|<p 
then P(cI)C°°(Logff) = C°°(Logff) if, and only if, Logfl is P(cI)-convex. This 
means that for every compact K C Log fl there is a compact L C Log fl with the 
following property: if S' G (f'(Logf2) and P{—d)S G S'{K) then S G 

Now, it is obvious that this condition simply carries over to P{9) and fl, and we 
obtain 

Theorem 5.3 P(6')C°°(f2) = if, and only if, is P{0)-convex, that is, 

for every compact K G Q there is a compact L G Q with the following property: 
if S e S'{n) and P{e*)S G S'{K) then S G S'{L). 

Here 6 * denotes the transpose of 9j, that is, 9*T = —dj{xjT). By Theorem 15.21 
this implies: 

Corollary 5.4 IfQ is mconvex then all Euler operators are surjective in C'°°(f2). 

Staying with mconvex C Q+ we study a more general situation. We £x T G 
S'{Q+) and set Q! = V (supp T,fl) = V (mconv supp T, fl). It is easy to see that 
is open and mconvex. Clearly suppT C V{Vt' , fl), that is, Nt G S"{Vt)). 

Let K G Q he compact and mconvex. Assume moreover that S' G S”{Q+) and 
supp (TicS) C K, then also mconv supp T ■ mconv supp S' = mconv supp (T*S') C 
K. This implies that supp S G L := I/(mconvsuppT, P). Since suppT C we 
have L G for any rj G suppT. Therefore L is compact. We have shown: 

Lemma 5.5 Iffl G Q+ is open and mconvex, T G S’'{Q+) andfl' = H(supp T, f2), 
then for every mconvex compact set K G Q there is a compact set L G Vt' such 
that the following holds: if S E and supp (T -k S) G K the supp S G L. 

To get solvability conditions for our multplicative convolution equations we need 
the equivalent of an elementary solution. We set for T G 

f{z) := T,(a:-*^), z E 

and remark that T = C^^gT, ^ denoting the Fourier-transform. 

Definition 4 An entire function J is said to he slowly decreasing if there exist 
positive numbers a, b, c such that for each point x eM.‘^ we can find a point y eM'^ 
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with 

(1) \x-y\< alog(l + |x|), 

(2) \J{y)\>h/{l + \y\<^). 

This notation is due to Ehrenpreis and we obtain the following multplicative 
analogue to the Theorem of Ehrenpreis on completely inversible operators: 

Theorem 5.6 For T G the following are equivalent 

1. Mt is surjective in C°°(Q+). 

2. There exists E E S>'{Q+) such that T -k E = 5i. 

3. T is slowly decreasing. 

Proof: 1. is equivalent to the surjectivity of / i-)- * f in By 

the Theorem of Ehrenpreis this is equivalent to being slowly decreasing an 

this is equivalent to 3. 

3. means that is slowly decreasing and this is, by the Theorem of Ehren¬ 
preis, equivalent to the existence of a distribution W E with {Cf^^T)*W = 

5. Given 3. we set E = and obtain 

TkE = * {Cl^^E)) = * IE) = 

Given 2. we set W = Cf^^E and proceed like before. □ 

Putting things together we obtain 

Theorem 5.7 //G C Q+ is mconvex and open, T E (o'^Q^), T slowly decreasing 
and G' = E(suppT, G), then Mt : G°°(r2') C°°{Q) is surjective. 

Proof: First we remark that, by Theorem 15.61 M'rS’(Q') is dense in ^(G). Due 
to the Surjectivity Griterion we have to show that for any bounded set B C <F'{Q) 
the set is bounded in ^'(D). There is compact, mconvex K G fl such that 

B C S’'{K) and bounded there. By Lemma 15.51 there is compact L G Q' such 
that Nft^S"{K) G S"{L). Then ^-convolution with E (notation of Theorem 15.61 
2.) yields a continuous linear map R{Nt) G S'{K) -e- S’'{L) inverting Nt- So 
Ntf^B = Ek {R{Nt) n B) is bounded in S'{L) G □ 

An interesting fact is the following: for fixed z G we have Mxif —)■ = 

Ty{xyY = So all functions x^ are eigenfunctions of the operator Mt 

with eigenvalue T{iz). In particular we have ttIq = T{ia) where roa, a G Nq is 
the multiplier sequence for the Hadamard operator Mt- 

This all can be done for each of the 2“^ quadrants, but not for the whole euclidean 
space, as the following simple example shows. Take the operator x-^. It is easily 
seen to be surjective on G°°(Q+/_), but it is not surjectice on G°°(M) since xf\x) 
is 0 in 0 for any /. 
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6 Laurent representation theorem 


For T G and 2 : G Zj 7 ^ 0 for all j we set = nf=i 

J '^j 

subset i? C we define 


W(B) = {z E 7 ^ Zj for all G -B and j = 1,..., d}. 


For 2 : ^ l^(suppT) we define ^t{z) = — z)) = (T * ^){z). 

Since ^ defines a distribution on C'^ also = T * ^ is a distribution on C'^ 
which is a holomorphic function on ^(suppT). 

On ^'(C^) we set := then is a fundamental solution for 

and therefore = T. 


If #"(suppT) C G : I^U < R] then {€\[-R,+R]Y C #'(suppT) and 
extends to a holomorphic function on (C \ [—-R, +R]Y, C denoting the Riemann 
sphere, ^t(^) = 0 outside C'^. '^t is the unique solution of B^u = T with this 
property. 


For miuj \zj 
expansion 


> R the function ^t{z) is dehned and holomorphic and it has the 


^t(z) — 


Zl---Zd 


E TAn- = E 


TTlr 


xQ+l 




aem 


We have proved the following 

Proposition 6.1 Let B G be compact and closed with respect to multipli¬ 
cation. The algebra {S’'{B),'k) is algebra-isomorphic to the algebra of all dis¬ 
tributions on which are holomorphic on (C \ [—R, -\-R\y for some R > 0, 
regular with value 0 in all infinite points of and zero solutions for B^ outside 
B, eguipped with Hadamard multiplication of the coefficients of theire Laurent 
expansion around { 00 , ..., cxd). 

We will now give a description in terms properties of the functions on (C \ R)'^. 
All of the following is well known. We indicate the proofs for the convenience of 
the reader. 

Theorem 6.2 1. If f = on (C \ R)'^ for T G ^'(R‘^) the there is p eNq such 
that 

(1) sup \f{z)\\yi---ydY <+00 

z&{C\K)d 

where y = x + iy. 
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2,. If f & H{{C\[—R, +-R])‘^) for some R > 0 is regular with value 0 in all infinite 
points of Ilf and fulfills (Cp, then there is T E such that f = ^t- 

3. If f = the for x eM.^ we have: x ^ supp T if, and only if there is a complex 
neighborhood uj of x such that f = fi + ■ ■ ■ + fd on oj 0 {C\ M.Y and fj E H{u}j) 
where ujj=ujE\{z = x + iyEiy^ : yu ^ 0 for v j}- 

Proof: 1. follows directly from the continuity estimates. 

2. The distribution T is given by 

(2) T(f= lim } sgn(e) / :p(x)f(x + iey)dx 

y^o+ ^ J 

e 

for ip E Here e E {+1,-1}'^, sgn(e) = ei-'-e^ and y —)■ 0+ means 

j/j —)■ 0+ for all j. 

3. Sufficiency of the condition follows directly from ([2]). Necessity follows from 

the fact that solutions of d^u = 0 have locally the form u = ui + ■ ■ ■ + Ud where 

^ = 0. □ 
dZj 

We collect all this information in a theorem. 

Theorem 6.3 T defines an algebra isomorphism of M{Q) = S”{V{Q)) to 

the following algebra of holomorphic functions with Hadamard multipli¬ 

cation of Laurent coefficients around (cx),..., cx)) 

1- f E hf((C \ [—i?,+i?])‘^) for some R> t), f is regular with value 0 in all 
points outside Hf. 

2. There is p eNq such that 

sup \f{,z)\\yi-■-ydf <+ 0 O 
2e(c\R)‘* 

where y = x -\- iy. 

3. a{f) is compact and a{f) C H(f2). 

Here cr(/) denotes the hyperfunction support of f. 

We recall the dehnition; 

Definition 5 x ^ a{f) if in a complex neighborhood ofx we have f = /i + - • -Rfd 
where fj extends in the j-th variable holomorphically across M. 
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7 Hadamard representation theorem 


In a next step we want to change the equivalence into one with Hadamard mul¬ 
tiplication of power series. For that we observe that for G Cf fl (supp T) we 
have 






and therefore for z E such that 1/;^ G ^(suppT) 





Zi---Zd 


We set 


on 


ctw= i5(n 


1 0%' 


hF(suppT) := {z E : XjZj ^ 1 for all x G suppT and j = 1,, d}. 
We have (C \ M U [—R, C IF(suppT) for some R> 0 and for |;2|oo < R 


ct{z) - 


rriaX 


This establishes an algebra isomorphism of M{Q) = S”{V{Q)) to an algebra of 
holomorphic functions with Hadamard multiplication, whose properties we get 
from the previous case by the formula 

Ct{z) = - 

Zl---Zd 
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